The scale invariant of the effective potential of the standard model at two-loop is used as a boundary condition under the assumption that the two-loop effective potential approximates the full effective potential. This condition leads with the help of the renormalization group functions of the model at two-loop to an algebraic equation of the scalar self coupling with coefficients that depend on the gauge and the top quark couplings. It admits only two real positive solutions. One of them, in the absence of the gauge and top quark couplings, corresponds to the non-perturbative ultraviolet fixed point of the scalar renormalization group function and the other corresponds to the perturbative infrared fixed point. The dependence of the scalar coupling on the top quark and the strong couplings at two-loop radiative corrections is analyzed.
I. Introduction
The standard model requires, through Higgs mechanism [1] , the existence of neutral scalar Higgs boson that survives after spontaneous breakdown of the electroweak symmetry. In this mechanism the weak gauge bosons and the charged fermions as well as the scalar Higgs itself acquire their masses from the asymmetry of the vacuum [2] . At tree level the scalar Higgs boson self-coupling ( ), and thus the Higgs boson mass (m H ), is a free parameter of the model and its determination selfconsistently poses a challenging problem. Many efforts, theoretically and experimentally, have been devoted to it.
One of the primary goals of LHC is to search for the standard model Higgs boson. Recent high energy experiments excluded the region m H ≤ 114.4 GeV [3] and electro-weak precession data excluded the region 160 GeV < m H < 170 GeV [4] . The region 114.4GeV < m H < 160GeV is a favored one, while the region m H > 180 GeV, though disfavored, is not ruled out. The current fits lead to130 GeV < m H < 260 GeV [5] . Recently the global fit obtained by the Gfitter Group showed that, the 95% CL allowed range for the complete fit (including the direct searches) is [114,153] GeV, and above this range only the values between 180 GeV and 224 GeV are not yet excluded at 3 standard deviations or more [6] .
Several papers have presented upper bounds based on avoiding triviality of pure 4 -theory [7] , lower bounds on the bases of vacuum stability [8] , and constraints based on some theoretical assumptions. The requirement, for example, that the coefficient of the quadratic divergent term of the square of the scalar Higgs boson mass at one-loop is equal zero leads to the well-known Veltman condition [9] , the assumption that the one-loop effective potential effectively represents the full effective potential leads to an algebraic equation that fixes, in the absence of fermion contributions, the scalar self-coupling [10] , and from the assumption that the ratio of the scalar coupling to the square of the top quark coupling is scale invariant allows to fix the Higgs boson mass at one and twoloop [11] .
In the standard model for the potential ( 2 < 0, > 0)
the two-loop renormalization group function for pure 4 -theory is given by [12] ) .
This equation admits two constant solutions: the perturbative infrared fixed point =0, and the nonperturbative ultraviolet fixed point UV =72.9. It is expected, similar to the one loop case [13] , that the perturbative fixed point is removed in the presence of interactions with gauges and fermions while the nonperturbative one persists [14, 15] . We show that this is the case, under the assumption that the two-loop effective potential approximates the full effective potential. This assumption leads to an algebraic equation that fixes the scalar self coupling in the perturbative region. The ultraviolet fixed point, where perturbation expansion breaks down [14, 15] , is shown to occur in the region where all other couplings, but the scalar coupling, are neglected in comparison.
The full effective potential ( (t)), which is constructed from the oneparticle-irreducible Green's functions at zero external momenta [16] , satisfies, in the mass-independent scheme of Weinberg-t'Hooft [17] , the renormalization group equation d ( (t))/dt=D ( )=0, where D is a first order partial differential operator that depends on the renormalization group functions of the model and t is an arbitrary running parameter related to the renormalization scale µ (t=ln(µ/µ(0)). This equation is just a statement that is scale invariant ( (t))= ( (0)) [16] . When perturbative expansion to a given order is employed to V one may take this scale invariance as a boundary condition for the solution of the first order partial differential equation. In the present work we use this boundary condition at two-loop to obtain a relation that fixes the scalar coupling in terms of the gauge and top quark couplings. This relation expresses the validity of the scale invariant of the two-loop effective potential. This paper is organized as follows; in the following section we calculate the effective potential at two loop approximation using the renormalization group equation in the mass independent subtraction scheme. In section. III we impose the scale invariance on the two-loop effective potential that allows to obtain a condition that expresses the validity of the scale invariant at two-loop, which depends on the renormalization group functions at two-loop. This condition leads to an algebraic equation of degree five in , which has only one perturbative real positive solution, and one nonperturbative real positive solution. In section. IV the perturbative solution is used to estimate the mass of the Higgs boson at one and two loop approximation, the dependence of the Higgs boson mass on the strong interaction coupling S and the top quark mass m t is discussed, in this section we apply the matching condition to estimate the physical mass of the Higgs boson. Finally in section. V we give our conclusion.
II. Calculation of the effective potential at two-loop
In the mass-independent subtraction scheme of Weinberg-t'Hooft, the scale invariance of the full effective potential of a renormalizable quantum field theory leads, under infinitesimal transformation, to the renormalization group equation (RGE) of the effective potential [17] :
where is a renormalization mass parameter and is the anomalous dimension, λ p =(m²,λ, , ´, 3 , t ) , ,´ , 3 are the SU(2) , the U(1), and the SU(3) gauge couplings respectively, t is the top quark coupling and δ p equals m² for mass coupling and 1 otherwise, and p is the renormalization group function:
In the loop expansion, the effective potential is given by [14] :
following the procedure of ref. [18] , we can write the following recursion equation for the effective potential up to order n:
where the differential operator D n is given by:
and (n) is the n-loop contribution to , and ( ) is the n-loop contribution to the renormalization group function:
To find the one-loop effective potential we use eqs. (5), (6), (7) and the zero-loop (the tree level) potential of eq. (1), which give:
and for the 2-loop we substitute eqs. (1) and (8) 
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. (11) Therefore, the full effective potential approximated to two-loop effective potential becomes:
where 0 = ( 
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The renormalization group functions used in this work are [12] 
III. A condition from the scale invariance at two-loop
As stated in the introduction, when a perturbative expansion of the effective potential to a given order is employed, the boundary condition
where (t) = z , (t)=e t leads to a restriction on the coupling constants that expresses the validity of this scale invariant to this order.
Employing these transformations in the 2-loop effective potential (12), we obtain the following conditions: 
and 2 4 = 2 (0) .
Differentiating eq. (13), using eq. (14) and the definition of γ :
we obtain the following relation:
Substituting 1 and 2 from eqs. (13), (14) and using eqs. (9), (10), (11) we finally obtain: 
where G is as given in eq.(11).
Substituting eq. (11) and the one and two-loop renormalization group functions from eq. (15) into eq. (21), and after simplifying, we obtain an equation of degree five in λ: 
where C n (n=1,2,..,5) are functions in the couplings ´, , 3 , t , and the explicit expressions of them are given in the appendix.
IV. The Higgs boson mass
In the absence of the couplings , ´, 3 , and t , eq. (22) has only two solutions, one of them corresponds to the ultraviolet fixed point solution UV =72.9, in which the perturbative expansion breaks down, and the other is the infrared fixed point solution =0. This result can be taken as a check of the validity of the scale invariant of the effective potential at two-loop corrections. In the presence of these couplings the nonperturbative solution continues and we are left with only one real positive perturbative solution which we use it to analyze the dependence of the scalar coupling for a range of values of 3 and t .
Our input parameters are obtained from the relations: We take the mass of the top quark in the range 160 GeV≤ m t ≤176 GeV, and the strong coupling S in the range 0.1073 ≤ S ≤ 0.1202 [19] .
In table. I we present our results for the scalar Higgs coupling in the above ranges of m t , and α S .
The Higgs boson mass, at zero external momentum, is defined by [16] :
where is the vacuum expectation value which has the expansion up to two-loop:
and satisfies
The Higgs boson mass at tree level is:
where 0 =246.2 GeV, at one-loop, using eq. (6), is:
where 1= 0 +ħ (1) , and at two-loop, using eq. (9), is: (28) where 2= 1+ħ 2 (2) .
A comparison between the tree level potential and two loop effective potential for S =0.1161, m t =171 GeV is shown in Fig.1 , while for S =0.118, m t =171 GeV is shown in Fig. 2 . Here it should be noted that all other figures with different values of S and m t show similar trends. As can be inferred from these figures the two-loop contribution to the effective potential almost cancels the one-loop contribution in the region in between the positions of the two minima of the potential and as a result the position of the vacuum is slightly shifted (by less than one percent) [20] . For each of the obtained value of the scalar coupling the positivity of the effective potential at two-loop is checked from the condition ( )> 0, for | |> * , where * is the non trivial positive solution of ( * )=0.
When the perturbative real positive solutions of eq. (22) The dependence of m H-11oop and m H-21oop on the top quark mass and the strong coupling S is shown in the Fig. 3 , which is in a qualitative agreement with ref . [14] ( see Fig. 3a ) and ref. [21] ( see Fig. 3 ) in the region considered.
Using the matching conditions, the initial value m H (M Z ) is related to the physical Higgs mass M H to one-loop order at the scale M Z [22, 19, 21] by : Inserting the input parameters, we find that the physical mass of the Higgs boson: 221.9 GeV ≤ M H ≤ 240.1 GeV. This result is in the expected range of the recent global fit to all precision electroweak data [5, 6] . Now we compare our result with some results of other authors employing different approaches. In ref. [23] a value of about 218 GeV for the Higgs boson mass (m H )is obtained from using renormalization-group methods to include all leading-logarithm contributions to the effective potential, and in ref. [24] a value of m H = 221 GeV from consideration of scalar-field theory projection of the effective potential. In ref. [25] using the renormalization group improved effective potential and results from ref. [26] they obtained an upper bound of m H around 196 GeV. In ref. [27] from their estimate of the top quark mass using Goldberger-Teller relation and Veltman condition they found m H around 317 GeV. The assumption made in ref. [28] that the scalar coupling equals the top quark coupling led to a value of m H around 348 GeV. Finally, an estimated value of m H =700 GeV has been obtained in ref. [29] from the assumption that the ratio of the Higgs boson mass to the vacuum expectation value is a cutoff-independent.
V. Conclusion
In this paper we have used the scale invariant of the effective potential at two-loop as a boundary condition .This condition which expresses the validity of the scale invariant of effective potential at two-loop, results in an algebraic equation of degree five. In the physical ranges of the top quark mass and the strong gauge coupling it admits only two real positive solutions. In the absence of the gauge and the top quark couplings one of these two solutions corresponds to the ultraviolet fixed point of the scalar renormalization group function, where perturbation theory breaks down, and the other one lies in the perturbative regime. Our findings support, in general, several other works. Of these , the two-loop contribution almost cancels the contribution of the one-loop contribution in the region between the minima of the potential and thus the vacuum expectation value of the scalar Higgs boson is slightly shifted by renormalization at one-loop and two-loop quantum corrections. The other finding is that the variation of the Higgs boson mass as a function of the top quark mass initially decreases in the region considered. Finally we have made a comparison of our result with some results of other authors employing different approaches. 
